Our work studies immersions of arbitrary constant mean curvature in H 3 (−1), as integrable surfaces (i.e., associate families of surfaces). We first present new results related to isometric deformations within this category of surfaces. Next, we give a Weierstrass type representation formula for these immersions. Ultimately, we discuss correspondences between such immersions in Euclidean 3-space E 3 and the ones in hyperbolic 3-space H 3 (−1). In particular, we show that every nonzero constant mean curvature surface in E 3 has two hyperbolic 'cousins' of constant mean curvature |H| < 1 and |H| > 1 in H 3 (−1) respectively, where each 'cousin' consists of two parallel surfaces, all having the same Weierstrass type data.
Constant Mean Curvature Immersions in H

3
(−1) as Integrable Surfaces
Many integrable equations of particular interest in mathematical physics and PDE theory had actually been of interest to geometers for a long time.
A treasure trove of integrable PDEs which represent the Gauss-Codazzi equations for various classes of Riemann surfaces can be found in [4] . In this respect, integrability is equivalent to the flatness condition imposed on a certain associate family of connections.
Integrability also allows another important generalization: namely that of the Weierstrass representation formula. The classical Weierstrass representation formula for minimal surfaces in E 3 consists of a meromorphic function (the classical Gauss map) and a holomorphic 1-form. Several years ago, a method now referred to as DPW ( [15] ) was introduced for nonzero constant mean curvature surfaces (abbreviated as CMC). The method gives a characterization of these surfaces in terms of a pair of functions, called generalized Weierstrass pair (or meromorphic potential) and also a method to construct all associate immersions. The DPW method requires the use of a deformation parameter, and several algebro-geometric techniques, e.g., loop group factorization. Among the Euclidean surfaces for which such a potential was recently found explicitly, and used to construct surfaces, we mention: constant mean curvature surfaces in Euclidean space E 3 ( [12] ); minimal surfaces in E 3 [14, H = 0]; weakly regular pseudospherical surfaces in E 3 [35, normalized to K = −1]; affine surfaces in E 3 ( [11] ); timelike surfaces in the Minkowski 3-space ( [13] ); Willmore surfaces in E 3 ([18] ).
Solutions to integrable equations, viewed as surfaces immersed in H 3 (−1), represent a topic that is only now taking shape, and results in this area are scarce. There is no doubt that studying various surfaces in other space forms than E 3 will lead to new examples of integrable systems and harmonic maps into symmetric spaces. Let H 3 (−1) denote the hyperbolic 3-space of constant sectional curvature −1. Surfaces of constant mean curvature |H| = 1 represented the topic of many papers over the past fifteen years. An important result of R. Bryant ([7] ) gave a representation formula for these surfaces. In [1] , R. Aiyama and K. Akutagawa gave a Kenmotsu-Bryant type representation formula for (branched) surfaces in H 3 (−c 2 ) of constant mean curvature |H| ≥ c. In [2] , the same two authors showed even further that there exists a Kenmotsu-Bryant type representation formula for surfaces in H 3 (−c 2 ) of constant mean curvature |H| < c.
One of our goals is to study the spectral deformations of a given immersion of constant mean curvature to other immersions of constant mean curvature -not necessarily the same. Another important goal is to derive a Weierstrass type representation formula for surfaces of constant mean curvature in H 3 (−1), that will further enable us to practically construct all such immersions in H 3 (−1) using the DPW construction algorithm. It turns out that this representation formula is similar to the Weierstrass representation formula for CMC surfaces in E 3 . The case |H| = 1 can be represented by a holomorphic pair similar to the classical Weierstrass representation formula for minimal surfaces in E 3 . We are interested in bijective correspondences between CMC surfaces in E 3 and surfaces of arbitrary constant mean curvature in H 3 (−1). The Weierstrass type representation formula provides a key to understand this correspondence better, as well as interesting and important examples of surface cousins.
In [26] , Blaine Lawson studied a S 1 -family of isometric immersions of constant mean curvature √ H 2 − c, from a simply connected Riemann surface M into the simply connected 3-dimensional space form M 3 (c) of curvature c, where H and c are such that H 2 − c is nonnegative. This result implies the following: 
This correspondence is local, or for simply connected surfaces. In particular, this result implies the following Corollary 1. There is a bijective correspondence between the space of isometric immersions of constant mean curvature H > 0 in E 3 and the space of isometric immersions of constant mean curvature
Through the Lawson correspondence, CMC surfaces in E 3 are related to CMC |H| > 1 surfaces in H 3 (−1). On the other hand, minimal surfaces in E 3 are corresponded to CMC |H| = 1 surfaces in H 3 (−1). In the past decade, significant progress has been made in the area of CMC surfaces in H 3 (−1), especially surfaces of constant mean curvature greater than or equal to one. Recently, there has been some progress in constructing and visualizing such surfaces. For example, Schmitt (GANG-U.Mass) used a twisted r-loop group splitting, in order to construct surfaces of constant mean curvature |H| > 1 in H 3 (−1). Based on these methods, he wrote an algorithm that produces hyperbolic analogues of some CMC surfaces in E 3 , such as CMC bubbletons, CMC cylinders, Smyth surfaces, and N-noids. The pictures of these CMC surfaces in H 3 (−1) can be viewed at the GANG's gallery of CMC surfaces (http://www.gang.umass.edu/).
In 1995, A. Fujioka ([16] ) proved the following result, which is a generalization of the Lawson correspondence: 
In the case of simply connected Riemann surfaces, this correspondence writes
where we denote by C(H, k) the conformal immersions of constant mean curvature H in the space form of curvature k.
As a corollary of Fujioka's theorem, R. Aiyama and K. Akutagawa showed in [2] , that Besides Lawson's correspondence, our interest lies in studying a new correspondence, namely between the immersions of constant mean curvature 0 < |H| < c in hyperbolic 3-space H 3 (−c 2 ) and the immersions of nonzero constant mean curvature in Euclidean 3-space E 3 .
One of the many reasons why the case |H| < c was left aside in previous works is that there are no compact surfaces of constant mean curvature |H| < c in hyperbolic 3-space of sectional curvature −c 2 . However, we are interested in general immersions, including noncompact CMC surfaces. Remark 1. We note that, without loss of generality, it suffices to study the case c = 1, i.e., the case of hyperbolic 3-space H 3 (−1) of sectional curvature −1. Indeed, the local correspondence between CMC surfaces in H 3 (−1) and CMC surfaces in H 3 (−c 2 ) is provided by Fujioka's Correspondence Theorem. Works like [3] and [29] provided a new way of understanding the liaison between these types of surfaces. The extended Lax pair is known for all three cases. The integrable system corresponds (as Gauss-Codazzi compatibility condition) to the sinh-Gordon equation for the case |H| > 1, to the Liouville equation for the case |H| = 1, respectively to the cosh-Gordon equation in the case |H| < 1. Let us consider the 4-dimensional Lorentzian space
The hyperbolic 3-space is the spacelike 3-manifold
of constant sectional curvature −1.
Note that the following correspondence
provides an identification between R 3,1 and the space of 2 × 2 Hermitian matrices. The complex Lie group SL(2, C) acts isometrically and transitively on H 3 (−1) by
where g * = tḡ . Thus,
Let M be a simply connected Riemann surface and
Consider (e 0 = f, e 1 , e 2 , e 3 ) the local orthonormal frame of the immersion f . Then we have
where ω i j = −ω j i and ω i i = 0. For the adapted frame of the immersion f , the following Cartan's structure equations hold:
(1)
which in short can be written as
Let σ i , i = 0, 1, 2, 3, be the following matrices
These matrices are called Pauli spin matrices. By the action of SL(2, C) on H 3 (−1), there exists a map F from an open set in M to SL(2, C) such that
This map represents the local orthonormal frame associated to the immersion f . Let Ω := F −1 dF ∈ sl(2, C). The Gauss and Codazzi equations are equivalent to
which is the null curvature condition of the Maurer-Cartan (connection) form Ω. It is well known [3, for example] that every surface with constant mean curvature (in E 3 , S 3 , H 3 (−1)) admits conformal (isothermal) coordinates, z = x + iy, so that
It is also well known [3, for example] that a surface f : M −→ H 3 (−1) has constant mean curvature if and only if the Hopf differential is holomorphic. The second fundamental form is defined as
where N ≡ e 3 represents the Gauss map (unit normal vector field on M ). The MaurerCartan form Ω can be written as
The moving frame F satisfies the following Lax equations
The compatibility condition F zz = Fz z gives
which can be written as
Remark 2. We can normalize H, Q and Q such that the Gauss equation reduces respectively to simplest forms of sinh-Gordon, cosh-Gordon or Liouville equations for |H| > 1, |H| < 1, |H| = 1. This can be done, for example, by reparametrizing the surface such that |Q| 2 = |H 2 − 1|/4.
Spectral Deformations
Let us consider an arbitrary immersion f , of metric u, constant mean curvature H and Hopf differential Qdz 2 . Our goal is to study the spectral deformations of this immersion, in particular the isometric ones. So we are interested in new surfaces characterized by the triple (u, H, Q), such that they satisfy the same Gauss and Codazzi equations as the initial (u, H, Q), where the mean curvature and Hopf differential are, a priori, allowed to change. Here, it should be remarked that our approach is different from the one in [3] and [32] . More precisely, these references consider a spectral transformation given by the complex non-zero parameter λ such that 
A). s-Spectral Deformations and Proper Deformations:
The name of spectral parameter comes from mathematical physics, where it was interpreted as a spectral parameter in a corresponding linear problem.
Definition 1. We call s-spectral deformation of the constant mean curvature immersion f the effect (on the surface) of introducing the positive parameter
s via (1 + H) → s(1 + H) and (1 − H) → s −1 (1 − H),
respectively. This effect depends on the geometric interpretation we give this transformation, that is:
and
where k is a nonzero real number.
As a direct consequence of equations above, we obtain :
Theorem 4. For any fixed positive parameter s, the s-spectral transformation
and 
where
This spectral deformation of f to f s may be interpreted as a substitute for similarity transformations, since similarity does not exist in hyperbolic 3-space H 3 (−1).
As an immediate and obvious consequence of the formula (14), we have the following Similarly, the property |H| > 1 is also preserved by s-spectral deformations.
E.g., via spectral deformation, minimal surfaces H = 0 in the hyperbolic space can only be transformed into surfaces with |H| < 1. This presents an interesting connection with Theorem 3, Section 1.
Remark 3. Any such s-spectral deformation is interesting in itself; it only rescales the metric (by multiplication with a positive constant), and so the surface looks similar. However, we remain faithful to our goal of deforming the initial immersion isometrically only. Therefore, not all s-spectral deformations will be suitable. We will call the suitable ones proper deformations. Observation : The deformation mentioned in the second paragraph (H s = −H, Q s = −Q) represents a parallel surface to the given one. The distance between parallel surfaces is given by s −1/2 , a number that will later be denoted by q.
These are the only s-spectral deformations that are of special interest to us. Therefore, from now on, for simplification, every time we use the term s-spectral deformation, we mean a proper one.
Proof. Assume that k = 1. If |H| = 1, remark that s = 1, which means the spectral deformation does not occur in the first place. Therefore, we will only talk about s-deformations Note that whenever s is not equal to 1, then s = |1 − H| |1 + H| .
Definition 3. For our convenience, we define q := ln |1 + H| |1 − H| , i.e.,
Note that the spectral parameter s, and hence q, depends on H as follows: 
The λ-Spectral Deformation
Let us consider a simply connected Riemann surface, immersed in H 3 (−1). Let the immersion be f , of constant mean curvature H and Hopf differential Qdz 2 .
Remark 5. It is easy to see that the two types of spectral deformations have different geometric effects on the surface. We will combine the two deformations via gauging, and introduce a parameter that covers both spectral deformations mentioned above.
In the following definition, q is either as in Definition 3, or zero, in which case we only have θ-deformations.
The domain of λ obviously depends on the choice of initial mean curvature H, as follows:
where C r represents a circle of center O and radius r. Consequently, λ = e q+it lies in the complex plane punctured at O, on a circle C r of center O located outside the unit circle when H > 0, respectively inside the unit circle when H < 0. Observation: Remark the symmetry between the two cases, due to the oddness of functions coth q and tanh q. Actually, for every value H > 0 different from 1, there is a corresponding value q > 0. The opposite value of mean curvature, −H, then corresponds to −q. Hence, it would be enough to study the case H < 0, of spectral parameter λ, since the symmetric case −H > 0 is analogous, and the spectral parameter λ is just inverted. This will be emphasized better in the Weierstrass type representation formula.
Definition 6. By λ-spectral deformation we mean the effect of performing the following on the initial immersion f , of constant mean curvature H: A). either a proper s-deformation, or no deformation (s = 1). B). a θ-deformation.
Note that the order in which these are performed does not matter, since these transformations commute. Also note that s = 1 leads only to the associate family of the immersion f .
Assume now we perform an s-deformation to obtain the isometric immersion f s . The mean curvature and Hopf differential change according to the theorem presented. Through the s-deformation, the new Lax matrices A s and B s are the following:
Consequently, the orthonormal frame changes to an extended one, F s (which can be considered fixed at a point p ∈ M ). The immersion f changes to f s , via the Sym-Bobenko formula f s = F s · F s * . If the deformation is proper (s = 1), then the new immersion f s will have the same metric u, mean curvature H s = −H, respectively Hopf differential |Q s | = |Q|, as it is specified in the Theorem 5.
Next, we perform the θ-deformation and we obtain:
We will gauge such that the matrices will depend explicitely on the parameter λ = s −1/2 · θ = e q+it , namely with the matrix
After gauging, we obtain matrices A λ and B λ , where
Obviously, we have that the compatibility condition
is verified for every λ.
Remark 7. The Maurer-Cartan form Ω becomes
and the Lax system
can be also written as (
A solution F λ of equation (26), together with the initial condition F λ (0, 0, λ) = I, in any simply connected domain D, F λ : D −→ ΛSU(2, C), is called extended frame corresponding to the spectral deformations f −→ f s , and Q −→ θ −2 Q. Here, ΛSU(2, C) represents the "twisted" loop group over SU (2) given by the automorphism σ : g −→ (Adσ 3 )(g),
where r is the absolute value of the parameter λ and C r is the circle of center O and radius r in the complex plane. In order to make such a loop group into a complete Banach Lie group, we introduce a certain H s -norm for s > 1 2 . Elements of this loop group are matrices with off-diagonal entries that are odd in λ and diagonal entries that are even in λ. We view the elements as formal series in λ.
Remark 8. Loop groups ΛSU(2) are usually defined on the unit circle. Here they are defined on the circle C r , but this change is not essential.
The reason why we introduce loop groups is related to the methods of constructing surfaces starting from the generalized Weierstrass representation formula. Such a method was first presented in [12] . We explain a little more in this direction in the Appendix A.
As a consequence of the theorems presented, we have the following: Theorem 6. Let u(z,z) be a solution of equation (10) , corresponding to the immersion f in H 3 (−1), of constant mean curvature H and Hopf differential given by the function Q. Let λ = e q+it be the parameter defined by the formulas in Definition 5 for the given value H. Correspondingly, let A λ and B λ be the matrices given by equations (23) and (24) for the functions u, Q, H, λ introduced above. Let F λ be a solution of the system (27) and We consider Ω as a su (2)-valued 1-form and we decompose it via the Cartan decomposition of su (2), as su (2) . It is well-known (see also [32] ) that the associate family of immersions f λ has constant mean curvature if and only if
, with λ defined as in Definition 5.
Remark 9. A very important property -equivalent to the flatness condition satisfied by the 'loop of connections' Ω λ -is the existence of a harmonic map from the surface to S 2 . The existence of this harmonic map for the constant mean curvature surfaces in hyperbolic space is shown in [32] . This relates our topic to the rich field of harmonic maps corresponding to integrable systems.
The flatness condition above will lead us towards a generalized Weierstrass type representation formula for constant mean curvature immersions in hyperbolic 3-space H 3 (−1). Let us now consider, for the spectral parameter λ as defined before, the Maurer-Cartan form (
which can also be written as
Here Ω 0 is, as usual, a 1-form with values in the diagonal subalgebra, and the rest of the terms are off-diagonal. Hence,
For brevity, we will sometimes say Hopf differential Q instead of e −2it Qdz 2 . 
where h(z) := u(z, 0) and λ := e q+it ∈ C r≤1 is the spectral parameter given by H ≤ 0 (see formulas (17) and (18)). Similarly, the Weierstrass type representation formula W of the associate family of immersions of constant mean curvature H > 0, metric u and Hopf differential Q is given by the antiholomorphic part of λΩ
where h(z) := u(0,z) and λ = e q+it ∈ C r≥1 is given by H > 0, q > 0 (see formulas (17) and (18)).
Proof. A generic 1-form like W (28) is originally due to J. Dorfmeister, F. Pedit and H. Wu ( [15] ). They showed that the Weierstrass type data represents the holomorphic part of the (1, 0)-form of the extended connection Ω λ , assuming that Ω λ satisfies the null curvature condition for every value of the parameter λ. We apply this result to the Lax system and its extended connection form Ω λ (27) , with flatness condition
Consequently, the corresponding Weierstrass type data is given by (28) . The second formula, (29) , is not significantly different from (28) if one interchanges coordinates z andz and reinterprets H. It was deduced by a long but straight-forward computation; it represents a consequence of the duality between the value H = 1 amongst H > 0 as opposite to H = −1 amongst H < 0.
Works following [12] and [15] have established an important role of this 1-form, as unconstrained data similar to the classical Weierstrass representation formula for minimal surfaces in E 3 (in which case the potential actually coincides with the classical Weierstrass representation formula).
Note that for H and −H, the factor in front of the matrix in W is the same complex parameter, which is desirable, and the same loop group will correspond to opposite mean curvatures.
Moreover, based on [12] , [15] provides a general method of constructing classes of nonzero constant mean curvature surfaces in Euclidean 3-space E 3 . Formally only, the difference between our W and the Euclidean one are that H + 1 and H − 1 are, respectively, replaced by H in the Euclidean case. Also, in the Euclidean case, the parameter lies exclusively on the unit circle.
Definition 7.
For an arbitrary parameter µ on the unit circle, let us consider an unconstrained pair of holomorphic functions, that is a one form (holomorphic in z, meromorphic in µ), of the type Remark 10. We have shown earlier that proper s-deformations only lead to parallel surfaces, by changing the mean curvature into the opposite one. Therefore, without loss of generality, we may assume µ = e it without omitting surfaces.
As an immediate consequence of the Theorem 7, and the integrability of equations (2.10), we obtain: 
Although some characteristics repeat, we meant to explicitate the four cases above. Remark the continuity of the surface characteristics, as H moves along the real line.
At H = 0, both ii) and iii) actually give the same family of Hopf differentials, namely e −2it · 2F (z)G(z), that is, the same associate family of minimal surfaces in H 3 (−1).
The Weierstrass type data (potential) is the "genetic material" (like the classical Weierstrass representation formula for minimal surfaces in E 3 ) for surface construction.
The following paragraph contains important examples.
Example 1. The Weierstrass type representation formula for constant mean curvature cylinders in the Euclidean space is one of the most well-known and important cases. According to [12] , the matrix form
with µ ∈ S 1 , represents the potential (Weierstrass type data) of the family of Euclidean cylinders with flat metric given by u(z,z) = 0, mean curvature H = −2 and Hopf differentials e −2it Qdz 2 , where Q(z) = 1. It was shown, moreover, that any real scalar multiple of this potential generates round cylinders. For more on this example, and to better understand the possible normalization of H and Q, see [12] .
We are obviously interested in finding the nature of the conformal immersions that correspond to the same type of Weierstrass data in the following families: surfaces with |H| < 1, respectively surfaces with |H| > 1 in the hyperbolic space.
The following is a particular case of Corollary 2, displaying the case of Euclidean cylinders versus the hyperbolic surfaces with the same Weierstrass data. Hopf differentials e −2it Qdz 2 , where Moreover, (1 ′ ) and (1), (2 ′ ) and (2),(3 ′ ) and (3), respectively, represent pairs of isometric and parallel families.
Proof The proof is straightforward. Plugging the prescribed h(z) = u(z, 0), H and Q directly into the formulas (28) and (29) gives the off-diagonal matrix with entries 1, 1, or −1, −1, respectively, which, modulo the S 1 -parameter, represent the same data.
It is also easy to check that the prescribed u, Q and H verify the Gauss-Codazzi equations in each case.
In cases (2) and (2 ′ ), the Gauss-Codazzi equation (10) has the unique constant solution
2 , provided by the given Q and H. In cases (3) and (3 ′ ), the Gauss-Codazzi equation (10) has a non-constant solution u(z,z) depending exclusively on |z| (see, for example, [29] for details on such solutions). In this case, the solution of (10) can be reduced to a Painlevé III equation. Novokshenov shows that the corresponding surface, in meridional cross-section, displays figures eight that are separated symmetrically from the origin. Note that these surfaces, although related to cylinders by the same type of Weierstrass data, are not cylinders.
Let us consider an immersion of constant mean curvature H (arbitrary). We have emphasized the Lawson correspondence, as a bijective correspondence between the space of isometric immersions with constant mean curvature H in E 3 and the space of isometric immersions of constant mean curvature ± √ H 2 + 1 in H 3 (−1). The term cousin has been used mostly for correspondences of Lawson type, that means, for variants of the same surface in different space forms.
On the other hand, we considered another bijective correspondence, namely between the two cases mentioned above and the surfaces of constant mean curvature ± 1 √ H 2 + 1 in Thus, in our view, every surface of constant mean curvature nonzero in E 3 has, up to the sign of the mean curvature, two cousins in H 3 (−1), with mean curvatures less, and greater than one, respectively.
Conjecture:
Let us consider the round cylinders of constant mean curvature ±H, |H| > 1 (two parallel surfaces) in the hyperbolic space of sectional curvature −1.
The surfaces of inverse curvatures ±1/H which have the same Weierstrass representation in isothermal coordinates represent constant mean curvature bubbletons that can be obtained from the round cylinders via Darboux-Bäcklund types of dressing transformations.
Recall that we have proved (Cor. 2, Section 3) that that no spectral deformation can produce this surface transformation (between (2) and (3) -or between (2') and (3')).
A Constructing CMC surfaces in H
Although surface construction procedures (in the sense of [15] ) starting from unconstrained Weierstrass type data are beyond our goals, we would like to give an outline of the algorithm to be used in constructing CMC surfaces in H 3 (−1): i).Solving an ODE problem that involves the Weierstrass data (meromorphic potential); numerically, this can be done for example by using a Runge-Kutta method;
ii).Using a loop group factorization (Iwasawa group splitting) which produces the extended frame F , and then applying Sym's formula, which gives the surface immersion in terms of the frame F .
Let us discuss the Iwasawa factorization in a little more detail. The Iwasawa factorization states that, for any matrix V ∈ ΛSL(2, C), there exist unique (up to a choice of the constant matrix term in the expansion of B) F ∈ ΛSU (2) and B ∈ Λ + SL(2, C) so that V = F · B. By the "+" elements of the loop group we understand those matrix functions in λ that can be extended holomorphically inside the circle C r .
The result that will be applied in order to obtain the extended frame F = F (λ) and the corresponding immersions f λ is an Iwasawa-type splitting. We denote by V − those elements of ΛSL(2, C) which admit holomorphic extension outside the circle C r and such that V − (λ = 0) = I (as a formal series).
Consider any intrinsic potential W like in the definition above, with µ on the unit circle, and F (z)G(z) = 0 almost everywhere. Let H be a real number different from 1 and -1.
Let F − denote a solution to the ODE system
Then, the element F = F (λ) obtained by the Iwasawa factorization F − = F · B represents the extended frame corresponding to an associate family of immersions, f λ of given mean curvature H and Hopf differential Qdz 2 . The factorizations can be performed everywhere in a dense open set of the simply connected domain. Until now, singularities were found numerically only. But a series of results (e.g. [12] ) provide methods to find and classify singularities (branching points and umbilics of CMC surfaces).
B Open Problems
Besides its direct computational applications, the above representation formula will hopefully lead to a better understanding of the following theoretical problems:
• The conjecture formulated in the last paragraph of Sec.5.
• The complete 'correspondence' between surfaces in Euclidean, hyperbolic, and spherical 3-spaces.
• Global period problems for surfaces. The advantage of our representation formula over integrable PDEs is that it consists of holomorphic functions only.
• In particular, we can give, for every Euclidean CMC surface, its hyperbolic 'cousins'. How do they differ topologically? • Investigate generalized harmonic maps corresponding to these surfaces, which constitutes the topic of a future research.
